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Rate equations for micro- and nanocavity lasers are formulated which take account of the finite
number of emitters, Purcell effects as well as stochastic effects of spontaneous emission quantum
noise. Analytical results are derived for the intensity noise and intensity correlation properties, g(2),
using a Langevin approach and are compared with simulations using a stochastic approach avoiding
the mean-field approximation of the rate equations. Good agreement between the two approaches is
found even for large values of the spontaneous emission beta-factor, i.e., for threshold-less lasers, as
long as more than about ten emitters contribute to lasing. A large value of the beta-factor improves
the noise properties. VC 2018 Author(s). All article content, except where otherwise noted, is
licensed under a Creative Commons Attribution (CC BY) license (http://creativecommons.org/
licenses/by/4.0/). https://doi.org/10.1063/1.5022958
The spontaneous emission b-factor, i.e., the ratio between
the spontaneous emission rate into the dominant lasing mode
and the total emitter decay rate, plays an important role in the
transition to lasing and quantum noise.1–3 It was thus shown
that b characterizes the system size, and in the thermody-
namic limit of b1!1, the concept of laser threshold is
well-defined, while for b! 1, the laser operates in the cavity-
QED limit of thresholdless lasing.2 Standard edge emitting
and surface emitting lasers have b’ 105–104, i.e., operate
in the thermodynamic limit, and their properties are well
understood.4 Recent experiments have demonstrated high-b
lasers using ultra-small photonic crystal cavities,5–8 micropil-
lar structures,9,10 and metal-clad cavities,11 prompting the
question of the noise properties of these lasers.
In this paper, we generalize the standard semiconductor
laser rate equations4 to cover the case of ultra-small and high-b
lasers containing only a few discrete emitters. Analytical
expressions for the steady-state intensity noise and second-order
intensity correlation, g(2)(0), are derived using a small-signal
Langevin approach and compared with stochastic simulations
taking into account the discrete nature of photons and electrons.
Very good agreement between the two approaches is found in
general, with small deviations occurring around threshold when
less than 10 emitters contribute to lasing.
While several models are already available for micro-
cavity and nanocavity lasers, see e.g. Refs. 1 and 12–20,
these differ on a number of issues, e.g. how to incorporate
the spontaneous emission factor and Purcell enhancement.
As we shall discuss, one cannot in general apply a Purcell
enhancement factor to the stimulated emission rate. A recent
theoretical study17 found that high-b lasers have a much
higher noise level than that expected from standard rate
equations, an effect attributed to discrete birth-death pro-
cesses initiating additional dynamics, which becomes impor-
tant for a moderate number of emitters and photons. In
contrast, we find near-perfect agreement between our nano-
laser rate equation model and discrete stochastic simulations.
Figure 1 shows a schematic defining important variables
describing the nanocavity laser, i.e., number n0 of emitters
(dipoles), number np of photons in the cavity mode, decay
rate cc of the cavity population, and the coupling rate cr
between photons in the cavity mode and a single emitter. If
the polarization of the medium decays on a timescale that is
short compared to the other characteristic time constants of
the laser, due to various dephasing processes, the polariza-
tion can be eliminated adiabatically. These de-coherence
processes also allow one to neglect quantum mechanical cor-
relations,16 and the laser dynamics can be described as rate
equations for the (classical) photon and carrier number
dne
dt
¼ Ppu  Rst  Rsp  Rbg þ FeðtÞ; (1)
dnp
dt
¼ Rst þ Rsp  Rc þ FpðtÞ: (2)
Here, Ppu is the pump rate into the upper laser level, taking
into account Pauli blocking,16 Rst and Rsp are the net rates of
stimulated and spontaneous emission into the cavity mode,
Rbg is the (background) rate of spontaneous emission into all
modes, but the cavity mode, as well as non-radiative emis-
sion, and Rc is the photon escape rate from the cavity.
Furthermore, Fn(t) and Fp(t) are stochastic Langevin forces.
The open nature of the cavity may be given firm ground by
the use of a quasi-bound state basis, allowing consideration
of complex cavities.21,22
FIG. 1. Illustration of emitters embedded in a cavity and interacting with
photons in the cavity mode.a)Electronic mail: jesm@fotonik.dtu.dk
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Denoting by ne the number of emitters in the excited
state and assuming charge neutrality (for quantum dot lasers,
the lower level is in the valence band and the upper is in the
conduction band), the number of emitters in the ground state
is ng¼ n0  ne. The rates entering (1) and (2) then become:
Ppu ¼ cpðn0  neÞ; Rsp ¼ crne; Rbg ¼ cbgne; Rc ¼ ccnp, and
Rst¼Reg  Rge with Reg ¼ crnenp; Rge ¼ crðn0  neÞnp, and
(1) and (2) read
dne
dt
¼ cpðn0  neÞ  crð2ne  n0Þnp  ctne þ Fe; (3)
dnp
dt
¼ crð2ne  n0Þnp þ crne  ccnp þ Fp: (4)
The b-factor enters the rate equations via the ratio
b ¼ crne
ctne
¼ cr
ct
¼ cr
cr þ cbg
; (5)
with ct¼ crþ cbg being the total decay rate and cbg being the
background rate into other modes. For inhomogeneously
broadened systems, such as quantum dots with more levels
and wetting layer transitions, b will in general depend on the
total carrier density.15,20 Notice that the pump-blocking term
cp(n0  ne) ensures that only a finite number of emitters (n0)
are considered.
If spontaneous emission into the lasing mode is
neglected, the threshold value for the pump rate per emitter,
beyond which the photon number acquires a positive value,
and the (clamped) number of emitters become
cpu;th ¼
n0cr þ cc
n0cr  cc
ct; ne;th ¼
1
2
n0 þ 1
2
cc
cr
; (6)
showing that lasing is only possible for n0cr> cc, i.e., when
the maximum gain exceeds the cavity losses.4 The corre-
sponding rate of outcoupled photons becomes ccnp ¼ ðcp
cpu;thÞðn0  cc=crÞ=2:
In general, the coupling rate of a single emitter with
dipole moment d to the quasi-mode of a cavity is in the
weak-coupling limit16,23,24
cr ¼
2d2
h0n2Vp
x0
cc þ 2c2
: (7)
We have assumed the emitter transition frequency, x0, to
coincide with the mode resonance and the emitter to be
placed in an antinode of the cavity field, aligned with the
field polarization. Further, Vp is the modal volume, n the
refractive index, and c2 the total emitter dephasing rate.
Phonon-assisted24 and Auger transitions25 are neglected. The
Purcell factor corresponding to Eq. (7) is Fp ¼ cr=cr;hom
¼ 3=ð4p2VpÞðk=nÞ3x0=ðcc þ 2c2Þ, where cr;hom ¼ d2x30n=
ð3p0hc3Þ is the emission rate of the same emitter in a homo-
geneous material with index n. Figure 2 shows the variation
of cr and b with the cavity Q-factor, Q¼x0/cc, for different
dephasing times, T2¼ 1/c2.
For cc c2, we find the usual expression26,27 for the
Purcell factor, Fp / Q. The expression (7) is more general,
also accounting for emitter broadening.23,24 It shows that
with increasing cc or c2, the radiative rate is lowered, reflect-
ing in both cases that the effective interaction time between
the cavity excitation and the emitter is reduced. As men-
tioned earlier, the rate equations require c2 cc and ct to be
valid, excluding their use for the analysis of “bad-cavity”
effects28 and collective phenomena.29 This implies that
expression (7) for cr has to be evaluated in the limit cc¼ 0,
corresponding to infinite Q, when used for rate Eqs. (3) and
(4). This agrees with conventional procedures for calculating
the gain coefficient of semiconductor lasers.4 Here, one cal-
culates the net stimulated rate for a given photon density in
the considered single mode, and the corresponding spontane-
ous emission rate into that mode is the stimulated rate with
one photon in the mode. This takes into account emitter
broadening, but not cavity broadening, the addition of which
will only act to decrease the radiative rate. The presence of
Purcell enhancement, Fp> 1, therefore cannot be taken as
indication that the stimulated emission rate (gain) of the laser
has increased beyond the value obtained in the absence of
Purcell effects.
The inverse dependence on the photon volume of cr,
Eq. (7), also implies an enhancement effect for small vol-
umes. Notice that this effect is also included in standard
semiconductor laser theories,4 where it often is implicit by
working with photon and carrier densities and introducing
the confinement factor, C¼Ve/Vp, where Ve is the volume of
active material. By comparing with standard rate equations,
we find the correspondence
2cr !
vggN
Vp
¼ CvggN
Ve
; (8)
where gN is the differential gain and vg is the group velocity.
The factor of two in this expression arises because the trans-
parency carrier density introduced in standard gain models
corresponds to 0.5n0/Ve.
FIG. 2. Variation of (a) cr and (b) b
with the cavity Q-factor for different
values of the dephasing time. k¼ 2pc/
x0¼ 1.55lm, n¼ 3.3, d¼ 1 1028
Cm, Vp¼ (k/n)3, and cbg¼ 1 109 s1.
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In laser cavities realized using photonic crystals, e.g.
line-defect cavities,5,7,30,31 the group velocity is reduced due
to strong dispersion. It has been shown that slow light effects
give rise to an enhancement of the gain per unit length.32,33
However, the temporal gain coefficient entering laser rate
equations for cavity quantities, such as the total photon num-
ber, is unaffected since the laser roundtrip time is also
increased in proportion to the group refractive index.31 The
group velocity entering (8) is thus the background value not
taking into account the longitudinal perturbation of the
refractive index.31,34
We now perform a small-signal analysis of rate Eqs. (3)
and (4) with Langevin noise terms that have the usual corre-
lation properties, hFxðt1ÞFyðt2Þi ¼ 2Dxydðt1  t2Þ. The diffu-
sion coefficients Dxy are obtained using the McCumber
approach, see Ref. 4, 2Dpp ¼ ccnp þ crne þ crn0np; 2Dpe
¼ 2Dep ¼ crn0np  crne, and 2Dee ¼ cpðn0  neÞ þ ctne
þcrn0np. By integrating the spectrum of the photon number
fluctuations over all frequencies, we get the following simple
expression for the variance of the photon number:
hDn2pi ¼
1
C
1þ C
2
ee
x2R
 !
Dpp þ
C2pe
x2R
Dee þ 2CpeCeex2R
Dpe
" #
; (9)
where hDn2pi  hðnp  hnpiÞ2i ¼ hn2pi  hnpi2. We defined the
following quantities: Cee¼cpþctþ2crnp;Cep¼crð2nen0Þ;
Cpe ¼ crð2np þ 1Þ; Cpp ¼ cc  crð2ne  n0Þ; x2R  CeeCpp
þCpeCep, and C¼ Ceeþ Cpp. If the lower level population is
neglected and one assumes np 1, this result reduces to that
derived in Ref. 35.
Using (9), we obtain analytical expressions for the rela-
tive intensity noise, RIN, the Fano factor,2 FF, and the
second-order intensity correlation
RIN ¼ hDn
2
pi
hnpi2
; FF ¼
hDn2pi
hnpi ; g
ð2Þð0Þ ¼ hnpðnp  1Þihnpi2
:
(10)
Notice that for a Poisson process, the variance equals the
mean, hDn2pi ¼ hnpi, and we have FF¼ 1, g(2)(0)¼ 1, and
RIN ¼ 1=hnpi.
For nanolasers with a small photon number, it is not
obvious that a small-signal analysis correctly describes the
noise properties. Close to laser threshold and below, sponta-
neous emission of a single photon may thus constitute a large
perturbation of the state of the laser, which is not well
described by linearized equations. Furthermore, for high-b
lasers, the threshold regime extends over a large range of
pump rates. In order to establish the accuracy of the analyti-
cal results, we compare these with simulations without the
assumptions of the Langevin analysis.
We follow ideas36 for describing the laser dynamics as a
stochastic process of discrete events representing the various
recombination and photon generation mechanisms but extend
these results to include a finite number of emitters. For a cho-
sen time increment, Dt, the time evolution of np(t) is
described by a discrete stochastic process, i.e., np(iDt)! np,i,
and similarly for ne. Thus, np;iþ1 ¼ np;i þ Dncv  Dnvc
þDnsp  Dnc, where Dnx are sequences of integer, non-
negative random numbers with probability distributions that
lead to the same average rates as expressed by the rates in (3)
and (4) and obeying the statistics of the underlying processes.
For example, the probability of obtaining the outcome
Dnc¼m corresponds to the probability of getting m occur-
rences, with np draws, each of which having a success proba-
bility of ccDt : Dnc  Pðnp; ccDtÞ. We shall here assume a
sufficiently short time increment, Dt, that the probability dis-
tribution P is given by a Poisson process, i.e., Pðnp; ccDtÞ
’ PPðnpccDtÞ, with both the mean value and the variance
given by k¼ npccDt. Figure 3 compares stochastic simula-
tions (markers) and analytical results (solid lines) for the cav-
ity photon number, the RIN, and the second-order intensity
correlation g(2)(0). The pump rate used here is the total rate,
taken as cpn0, considering that pumping of the emitters effec-
tively proceeds via levels below and above the laser ground
and excited states, respectively. The total emitter decay rate
and the cavity decay rate are fixed, and the results are shown
for three different pairs of values for the spontaneous emis-
sion factor and the number of emitters, i.e., b¼ 0.001,
n0¼ 20000 (blue), b¼ 0.1, n0¼ 200 (red), and b¼ 1, n0¼ 20
(black). Notice that for a constant value of the total decay
rate of excited emitters, ct, the radiative rate cr scales with b
and a larger number of emitters are therefore required to
reach lasing as b is reduced, also see (6).
FIG. 3. Analytical (solid lines) and simulated (markers) results for the varia-
tion of output power (upper panel), RIN (middle), and intensity correlation,
g(2)(0), (lower) with pump rate, cpn0, for different values of the spontaneous
emission factor: b¼ 0.001 (blue), 0.1 (red), and 1 (black). The total emitter
decay rate, ct¼ 1 1010 s1, and cavity decay rate, cc¼ 1 1011 s1, are
fixed. For b¼ 0.001, simulations for low pump rates are discarded due to
statistical uncertainty.
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For the photon number and RIN, very good agreement
between the analytical results and the simulations is
obtained, with minor deviations occurring around laser
threshold. The intensity correlation shows the expected
change from thermal statistics, g(2)(0)¼ 2, below threshold
to Poissonian statistics, g(2)(0)¼ 1, above threshold.10,37 For
b¼ 0.1 and 0.001, jumps are seen in the photon number
close to threshold, while b¼ 1 shows the apparent threshold-
less characteristic.2 Recently, super-thermal statistics,
g(2)(0)> 2, was obtained below threshold and associated
with the occurrence of collective effects among the emit-
ters,38 which are neglected in our model. This was shown to
be a good approximation when the cavity decay rate is much
smaller than the emitter dephasing rate.29 We notice that for
pump rates well below threshold, very long simulations are
required to get statistically significant results for g(2)(0).
However, except for b¼ 1 and around threshold, excellent
agreement between simulations and analytical results is
obtained. A conclusion to be drawn from Fig. 3 is that
increasing b is advantageous for reducing the intensity noise.
This is perhaps not surprising, given that cr scales with b for
a constant total decay rate, ct.
In deriving rate equations from the stochastic model, or
from more extensive master equations,2 it is assumed that
hnpnei ’ hnpihnei. However, this mean-field approximation
need not be fulfilled for b-values approaching unity since 1/
b plays the role of a saturation photon number and fluctua-
tions on the scale of just one photon may thus cause satura-
tion of the carrier number.2 Figure 4 illustrates this point by
plotting the simulated ratio hnpnei=hnpihnei versus pump
rate. The dashed line is for the rate equation case, where the
mean field approximation is assumed to be valid. Black
markers are for the case of b¼ 1 in Fig. 3 with n0¼ 20, and
it is seen that the deviations between stochastic simulations
and rate equations occur in the pump range where the mean-
field approximation is broken. Figure 4 illustrates that the
agreement between the two approaches is not as good for the
carrier number as for the photon number, which is again an
indication of the importance of carrier number fluctuations
in the cavity-QED limit of near-unity b-values.2 As the num-
ber of emitters is further lowered, requiring the laser cavity Q-
factor to be increased in order to enable lasing, one finds that
the mean-field approximation worsens at low pump powers.
Finally, in Fig. 5, b, ct, and cc are kept constant, while
the number of emitters is varied. For the case of 10 emitters
FIG. 4. Accuracy of mean-field approximation. (a) The ratio hnpnei=
ðhnpihneiÞ is shown versus pump rate for different numbers of emitters,
n0¼ 5 (blue), n0¼ 10 (red), and n0¼ 20 (black). The cavity decay rate is
varied in order to keep the threshold pump rate per emitter fixed, i.e., cc/
n0¼ 5 109 s1, while b¼ 1 and ct¼ 1 1010 s1 are constant. (b) Excited
number of emitters; solid lines are rate-equation results, and markers denote
stochastic simulations.
FIG. 5. Dependence on the number of emitters for otherwise fixed parame-
ters. (a) Intensity correlation, g(2)(0), and (b) RIN versus absolute pump rate.
The numbers of emitters are n0¼ 10 (blue), 30 (red), 90 (black), and
270 (green), and the fixed parameters are b¼ 0.9, ct¼ 1 1010 s1, and
cc 1011 s1.
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(blue curve), the laser remains below threshold for all pump
powers and a transition to lasing, signified by g(2)(0)¼ 1, is
not observed. Peculiarly, a dip is observed in g(2)(0) at inter-
mediate pump rates, which appears to be in good qualitative
agreement with experimental results presented in Ref. 10.
Due to the fact that threshold, in this case, is not reached
even if all the emitters are inverted, i.e., n0cr< cc, the output
power saturates even in the strong pump limit and the RIN
accordingly plateaus at a high level. Notice that in order to
observe this behaviour, it is essential to include only a finite
number of emitters in the model, ensured by the pump-
blocking mechanism in Eqs. (3) and (4). In practice, other
transitions may also become important for high pump
rates,39 e.g. multi-excitons in the case of quantum dots,
where transitions can also involve the wetting layer.25
Even when the number of available emitters, n0, is large
enough to sustain lasing, the threshold pump power depends
on the actual emitter number. Thus, achieving the transpar-
ency condition of zero material gain requires inverting, on
average, half of the emitters, cf. Eq. (6). This means that the
noise performance is optimum at a specific number of emit-
ters and then degrades when adding more emitters to the
laser cavity. For large output power, when the lasers all are
pumped highly above threshold, the performance of the
lasers becomes very similar.
In conclusion, we analyzed a rate equation model valid
for nanolasers with discrete emitters. We considered the
good-cavity limit, valid for most semiconductor lasers,
where the emitter broadening is larger than the cavity line-
width. Several conclusions are drawn: (1) The quantum noise
properties, including the second-order intensity correlation,
g(2)(0), are well accounted for by analytical expressions,
derived using the Langevin approach, in the entire region
from below to above threshold, at least for more than 10
emitters; (2) The noise properties are improved by increasing
the spontaneous emission b-factor; (3) Purcell enhancement
effects are already included in standard semiconductor laser
rate equations when excluding the bad-cavity limit; and
(4) for a given laser cavity, there is an optimum number of
emitters.
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